IEEE JOURNAL OF MICROELECTROMECHANICAL SYSTEMS, VOL. 8, NO. 3, SEPTEMBER 1999

335

Analytical Modeling of Electrostatic
Membrane Actuator for Micro Pumps

M. T. A. Saif, B. Erdem Alaca, and Huseyin Sehitoglu

Abstract—A large class of micro pumps consists of a cavity
in a substrate, a diaphragm that seals the cavity, and inlets and
outlets for the cavity which are controlled by valves. The cavity is
initially filled with a fluid. The diaphragm is then actuated by a
voltage between the diaphragm and the cavity floor to compress
the fluid. When the pressure exceeds a certain value, the fluid is
expelled. During actuation, the electrostatic attractive force of the
substrate and the pressure rise in the fluid lead to the bending and
stretching of the diaphragm. Thus, the prediction of the pump

Index Terms—Dbiaphragm, electrostatic actuator, micro pump,
pressure, strain, stress.

I. INTRODUCTION

ECENT development in micro fluidics has resulted in
a variety of small-scale pumps and compressors [1]-[3].
These devices have a wide range of potential applications, such

performance (e.g., fluid pressure, diaphragm stresses) requires 5q drug delivery [4], localized cooling of electronic circuits,

the solution of a coupled nonlinear elasto-electro-hydrodynamic
problem. In this paper, a simplified analytical model is developed
to predict the state of an electrostatically actuated micro pump
at equilibrium. The state includes the deformed shape and the
internal stresses of the diaphragm and the pressure of the fluid
when the actuator is subjected to a given applied dc voltage. The
model is based on the minimization of the total energy consisting
of the capacitive energy, the strain energy of the diaphragm,
and the energy of the fluid which is considered to be an ideal
gas. The method is employed to study two pumps, one with an
axisymmetric single cavity, and the other with an axisymmetric
annular cavity (a cavity with an island in the middle). In the
former case, upon actuation, the diaphragm contacts the cavity
floor from the outer periphery. Thus, energy is a function of
the radius of the contact front, and equilibrium configuration
is achieved at a radius where the derivative of the energy with
respect to the radius vanishes. In the latter case, upon actuation,
the diaphragm contacts the cavity from both of the inner and
the outer peripheries. Here, equilibrium is reached when the
derivatives of the energy with respect to the radii of both of the
inner and outer periphery contact points vanish. It is expected
that most practical pumps can be analyzed by one of the two
formulations presented in the paper. Our analyses of both pumps
indicate that the pressure of the gas at equilibrium increases
only slightly when the stiffness of the diaphragm is increased,
whereas it changes nearly inversely with the thickness of the
dielectric between the diaphragm electrode and the cavity floor.

and inkjet printing. Typically, a micro pump or a compressor
consists of a thin film membrane that seals a cavity with inlet
and outlet ports controlled by valves. The membrane can be
actuated by electrostatic [5], piezoelectric [6], and thermal [7]
means to fill the cavity with a fluid (liquid or gas) and to
pressurize it. As the pressure exceeds a certain limit, the liquid
is pumped out.

As in the case of any engineering component, simulation and
modeling of micro pumps are essential for better understanding
of their functionality and optimum design. The simulation,
however, is nontrivial because, in general, it involves coupled
electrostatic, elastodynamic, thermal, and fluid dynamic inter-
actions [8]. The problem is nonlinear as well. For example, the
forcing on the pump membrane depends nonlinearly on the
deformation of the membrane itself. The problem is further
complicated by the contact between the membrane and the
cavity substrate during operation. Additional nonlinearities
may be contributed by the nonlinear constitutive behavior of
the materials involved. In this work we consider elastic strain
energy, capacitive energy, and pressure work contributions.

Robust numerical methods, such as finite element analysis,
may be employed for the simulation of micro pumps [9],

Also, as expected, the pressure increases as the initial volume[lo]_ Such analysis, however, is prohibitively time consuming

of the cavity (i.e., the volume of the gas to be compressed) is . . . . .
decreased. Furthermore, we find that the calculated stresses in for parametric studies. Hence, analytical modeling of micro

the diaphragm do not exceed the typical yield stress values of PUMPS, based on reasonable approximations, is desirable to
many glassy polymers, a candidate material for the diaphragm. study the dependence of pump performance on various pa-
Therefore, the assumption of a linear elastic diaphragm employed rameters.

in the proposed model does not put a limitation on the predictions. In this paper, an analytical model is developed for quasi-

Dielectric breakdown may be a limiting factor for the maximum . . . .
attainable pressure rather than the mechanical strength of the Static analysis of a pump/compressor designed for a refrig-

diaphragm material. Although stresses are low, they may be eration system. The pump consists of a cavity filled with a
severe enough to cause delamination between different layers ingas (refrigerant) and a membrane. It is actuated by applying a
the diaphragm, too. [402] known voltage between the membrane and the cavity. The
membrane is thus pulled toward the cavity, and the gas
Manuscript received December 2, 1998; revised May 26, 1999. THR compressed. The model predicts the -p.refssure of the_ gas
work was supported by DARPA under Contract DABT63-97-C-0069. Subjeand the shape of the membrane at equilibrium for a given
Editor, N. de Rooij. , _ o applied voltage between the cavity and the membrane. The
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ment, University of lllinois, Urbana, IL 61801 USA. model Is employed to analyze two basic axisymmetric micro
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thickness of the dielectric layer between the metal electrode
of the membrane and the substratedisThe thickness of
the metal electrode of the membrane is expected to be much
smaller than the total thickness of the membraneience

the metal layer will not provide any structural stiffness. The
interested reader is directed to [11] for the fabrication issues
of the silicon compression chamber.

The central theme of this paper is the formulation of a
method for seeking the equilibrium configuration of the micro
pump when actuated by a given voltage (time independent),
and hence to quantify the pressure, diaphragm shape, and its

Fig. 1.

Schematic of pump 1.

diaphragm

dielectric
layer

substrate

Fig. 2. Schematic of pump 2.

L]

a doughnut-shaped cavity. The essential difference between the
pumps lies in the boundary conditions of their membranes. It
is expected that the analysis of most practical pumps can be
carried out using the analysis of these two basic pumps.

Il. ELECTROSTATICALLY ACTUATED
MICRO PUMP/COMPRESSOR

Figs. 1 and 2 show the two electrostatically actuated micro
pumps to be considered in this paper. They will be referreds
to as pump 1 and pump 2, respectively. Each consists of an
axisymmetric cavity and a thin film membrane that seals thee
cavity. The cavity has inlet and outlet channels controlled by
valves for the transport of gases. Initially, the chamber is filled
with gas and the valves are closed. The pump is then actuated
by applying a voltage between the membrane and the substrate.
For pump 1, the diaphragm contacts the floor of the cavity from
the outside perimeter (Fig. 1) and the contact front advances
toward the center. Thus, the gas inside the cavity is compressed
until the diaphragm reaches a steady state equilibrium for a
given applied voltage. For pump 2, the diaphragm contacts
the substrate at both the outside and the inside perimeters
after actuation, and the two contact fronts advance toward
each other until equilibrium is reached (Fig. 2). The voltage
between the membrane and the cavity may be different in
the two contact regions. The membrane of the actuator may
consist of multiple layers of metal and dielectric. It is rigidly
bonded to the substrate on the outside perimeter. The cavity
may also be coated by a thin layer of dielectric. The total

stresses and strains at equilibrium.

I1l. ANALYTICAL MODEL OF THE
ELECTROSTATIC ACTUATION OF MICRO PumpP

The model is based on several simplifying assumptions.

A. Assumptions

The membrane material is isotropic and behaves linear
elastically.

There is no residual or intrinsic stress [12] in the mem-
brane. If there is a known residual stress, it can easily
be incorporated in the model. Thin films are usually
subjected to residual stress, but various methods have
been developed to relieve the stress, such as annealing
[12].

The thickness of the membrane is several orders of
magnitude smaller than the lateral dimension (diameter).
Thus, bending stresses are ignored. Only in-plane stresses
are considered, and they are uniform across the thickness.
Tangential strain of the membrane is considered negli-
gible (¢4 = 0), and hence the fixed boundary condition
along the outer perimeter of the membrane is satisfied. A
more general analysis withy # 0 due to Hencky [13]

will be carried out for pump 1. The analysis will justify
the “ey, = 0" assumption.

The slopes of the deformed membrane and the cavity with
respect to the radial direction are much smaller than unity.
The membrane-substrate contact is frictionless. It is ex-
pected that a thin hydrodynamic layer of fluid between the
film and the substrate will be present during compression
that will reduce the friction significantly.

The compression of the gas satisfies the ideal gas law
at constant temperaturé?v constant, where P is

the pressure and is the volume, which implies that
the temperature of the gas does not change. Since the
number of gas molecules in the compression chamber
remains constant, the internal energy of the gas also
remains constant. Thus, the work done on the gas during
compression is converted to heat and must be released
to the environment through the diaphragm and the cavity
substrate. The constitutive behaviéy = constant is
chosen to demonstrate the applicability of the method
developed in this paper. Other constitutive behavior, such
as that which involves phase transformation of the gas,
can also be incorporated.
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B. The Model
During actuation, work is donen the membrane and the v&_/—T\ c
gas. Thus, both the strain energy of the membrdne,and - - o C. s
\

Y

the work done on the ga&j, = — [ P dv, increase. However, ?

as the membrane contacts the substrate and the contact front d

advances, electrical (capacitive) work is ddnethe capacitor R

formed by the membrane and the cavity floor, since opposSi#®@. 3. Electrodes with cavity and parallel-plate regions.

charges come closer toward each other. This work is the

capacitive energyl/., of the capacitor, which also increases i

during actuation. The equilibrium configuration of the pump

after actuation with a given applied voltage is obtained from ‘

the first principle of energy conservation: a small virtual

perturbation from the equilibrium configuration will cause

small changes in the strain energy of the membrafié,,

work done on the compressed ga$/,, and the capacitive

energy,—dU.. Energy conservation dictates that the net change

of energy is zero, i.e.dU = d{U, + U, — U.) = 0. d

Note that a decrease in the electrostatic potential en&tgy

(:%CVQ, whereC is the capacitance and is the voltage)

due to opposite charges coming closer to each other causes an

increase inl/; andU,. Hence the negative sign witfl/.. ‘
This change of configuration is achieved, in case of pump < R >

1, by a change of radiug, of the contact front betweenrig 4. comparison of parallel-plate and total capacitance.

the membrane and the cavity (Fig. 1). In case of pump 2,

the change can be induced independently by changes in \Eveere ¢o is the permittivity constant. LeC.., be the to-

inner and the outer contact front radii, andrs, respectively . . cav .
. S . C , tal capacitance of the cavity, most of which is contributed
(Fig. 2). Thus, the equilibrium configuration is defined b : . .
y the region near the perimeter of the cavity. l&§ =

(dU/dRy) = 0 for pump 1 and(dU /o) = (9U/0r>) =0 Ceav/(2mR) = capacitance/unit length of the cavity perimeter.

for pump 2. Here, Ry, ri, andr, can be viewed as the % cavity shape near the perimeter does not change with
generalized coordinates of the problem. Note that the energy or changes slightly witt, thendCy/dR ~ 0. Thus

derivative and not the total energy is employed to solve for’
. - . . dCca_V d
the equilibrium configuration. _ (2rRCy) = 27C, )

=y

bl ¢

dU, and dU, are computed from the derived closed-form dR  dR

expressions of/; and /. Computation ofdl/. is nontrivial |n order to compare the right-hand sides of (1) and (2), we see
since it involves 1) the capacitive enerdy between the that (R x 1)eok /d is the capacitance between two parallel
diaphragm and the cavity floor where they are in contact, aggkctrodes of lengttR, of width unity, and with a gap o
2) the capacitive energ¥/.., of the cavity (diaphragm and between themC,, by its definition, is the capacitance between
the cavity floor are not in contact). Thug. = U} + Ucav-  two curved, pie-shaped electrodes of lengthbut of a width
Evaluation of U.,, poses difficulty. However, it is shown varying from unity to zero, and with a gap varying frahto D
in the following that the energy derivatividl/./dR)| ~ as shown in Fig. 4. Clearly(y < Zeqr)| whenD > d. Thus
|(dU) /dR)]. from (1) and (2),|(dC)/dR)| > |(dCcay/dR)|. Since the

Consider the capacitor formed by the two axisymmetrigapacitive energy is given b§'V'2/2, whereV is the applied
electrodes in Fig. 3. The radius of the cavityfis its middle voltage between the capacitor electrodésil) /dR)| >
gap isD, and the gap between the parallel plateg, isuch that |(dUcay /dR)|, and hence
D > d. The dielectric constants of the cavity and the parallel

. ) . ] av,  dly

plate regions are.., andry|, respectively, wheréc., < r. N — (3)
The electrodes forming the cavity meet each other tangentially dr dr
along the perimeter of the cavity, and their geometry near theFor the case of the micro pumps under consideration, the
perimeter does not change with a variationfinLet U/ and contact region of the membrane and the cavity forms the
U..v be the capacitive energies between the parallel electrodigéallel plate capacitof), whereas the rest of the membrane
and the electrodes forming the cavity due to an applied voltagd the cavity represent the cavity of Fig. 3. Due to this
V between them. Thef(dU} /dR)| > |(dUcav/dR)|. Hence similarity, the corresponding energy derivatiwés) /d2 and

|(dU./dR)| ~ |(dU)|/dR)|, whereU, = U}| 4 Ucay. dU)/dr;, © = 1,2 are used as the derivatives of the total
Proof: The change of capacitance between the paraldpacitive energy.
plates,dC);, due to a change iR, dR, is The deformation of the membranes of pumps 1 and 2

are different due to their boundary conditions. Hence, for
convenience, they will be treated in separate sections in the
following.

@_QWR

dR = 4 O )
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IV. ANALYSIS OF PUMP 1—SNGLE CAVITY whereo, = E,¢, is used, and the strair,., is due to the
Fig. 1 shows the pump configuration at equilibrium aftef€formation of the film as shown in Fig. 1. Thus

actuation by a voltag®” applied between the membrane and Ry R

the cavity. The equilibrium is defined by the radiis of the ¢, = [/ W1+ z}Q dr +/ 14+ 23¢dr — R /R 9)

contact front between the diaphragm and the cavity. The shape 0 et

of the cavity is given byz(r), with z9(0) = 0 at the bottom \yhere - is given by (5) and (7).

of the cavity (the origin for cavity). The diaphragm is defined |f the film has a residual stress, then the strain endrgy

by zs(r) in 7 ~ (0, Ry) with z;(0) = 0 at the top of the of the diaphragm in (8) needs to be modified to

membrane (the origin for the membrane). Note thais an

arbitrarily prescribed function withz)| < 1. The shape of the U. = nt /R e(00 + o)r dr (10)

membranez; is derived next. ° o '

. ] whereo, = E.¢,, andog is the known biaxial residual stress.
A. Membrane Deformation Under Uniform Pressure
Consider a thin circular membrane of radifis, clamped C. Parallel Plate Capacitive Energl/|| Between

along the perimeter, being subjected to a net pregsuret.S the Membrane and the Cavity
be the tension per unit length of the membrane. A section ofU PR

Lo : | is given by
the membrane of radiusis considered to evaluate the forces
on it. The net force on the membrane perpendicular to the
section due t@ is 72p. The restoring force due to tension in

the membrane i87rrSz%, where the prime denotes derivativeyhere A is the contact area between the membrane and the

with respect tor. Force equilibrium requires cavity, andx is the dielectric constant of the dielectric between
the cavity floor and the membrane electrode. Thus

1 A
Uy = 5CV‘Z, whereC' = cor

2rrS7 + prr? = 0. (4)
R R 1 R
The solution is given by A= /R 2nr\[1 + ¢ dr & 27 /R 7’<1 + 5% ) dr
1 1
P 2
2p=———r and
7= 735" ®) i
1
which satisfies thezs(r = 0) = 0 condition. In order U zfogw [/ 7’<1+§z{)2> dr| V2. (11)
to evaluatesS, linear elastic property of the membrane is R
employed. Strain along the radial directienis Here, the slopes of the diaphragm and the cavjtyi = 0

for cavity,=f for diaphragm) are small so thatz; /dr)? < 1,

Ry
6 = / 1+ 22 dr — Ry R, and the integrand/1 + /% is approximated byl + z/2/2. If
0 in casez{? is not small, then the integrations must be carried
p?R2 out numerically withy/1 + /2.

Rl 9
—~ / 2 —
N/O (3 /2) =228 6)
D. Pressure Energy/,

Also, ¢4 = 0 implies that the tangential and radial stresses
are related bysy = vo,., wherer is the Poisson’s ratio
of the diaphragm material. Thus. = o,./F., where E, =
E/(1 —1?). By definition, S = ..t = ¢,.E.,t, which, together
with (6), gives

Before actuation, diaphragm is horizontal. Initial pressure
and volume within the cavity arg, and vy, respectively.

The pressure outside the cavityps. During actuation, gas in

the cavity is compressed as shown in Fig. 1 and its pressure
increases fromP = py to P = py + p, and its volume
(1/3) decreases fromy to v. The pressure outside the cavity remains

} (7) constant atp,. The gas satisfies the constitutive behavior

Pv = pgvg = C, = constant. Thus, the work donen the

Thus, for a giverp, z; is completely known as a function of9as inside the cavity is
diaphragm radiusk; [(5) and (7)]. v
l]p-inside = _/

1
S = | —FE.p’R?
{24 D iy

Pdv (12)
B. Strain Energyl/,; of the Membrane o ) o )
] o ] ) where the initial (before actuation, membrane horizontal) and
Fig. 1 shows the equilibrium configuration of the membrange final volumes of the cavityy, and v, are given by
after actuation with voltag®. The membrane is subjected to a ’
net pressurg. The strain energy of the filnd/;, is the integral v — /R 2 da
0 — <0
0

of the energy density over the volume of the diaphragm (13)

Ry
R
Us == 7rt/ €rTpT dT = 7rt62E*R2/2 (8) v /0 7r7)2(d20 + de) (14)
0
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Fig. 5. Variation of total energy/ as a function of?; for pump 1. System r, radial distance from the axis of symmetry [mm]

isi ilibri hendU /dRy = hich =3. .
is in equilibrium, whendl'/d R, = 0, which occurs ai?, = 3.798 mm Fig. 6. Two-dimensional axisymmetric view of the cavity and diaphragm

configurations at equilibrium for pump ¥. =50V, R =5 mm,d = 1 um,
. L E.t =13569 Pam. The corresponding pressure in the cavity is 800 268 Pa
The change of volume outside the cavity is alsg—v). Thus, ith r, = 3.798 mm for an initial pressurgo = 800000 Pa.

the work doneby the gas outside the cavity is

Up-outside = polvo — v). (15) p [kPal E.t=20000 Pa m
6 E.t=13569 Pam
The total work donenthe gas inside and outside the cavity iss E.t=3000 Pam
4
Up = Up-inside - Up-outside 3
U
:—/ Pdv—po(vg — v) 2
vo .

= —CyIn(v/vo) — polvo — v). (16)

T V [volts]

o i i 50 100 150 200 250
E. Equilibrium Configuration
. Fig. 7. Variation ofp, pressure rise, in pump 1 as a functionlof applied
Note thatUs, U,, and U are functions ofp and R;. voltage, for three different values of lumped paraméiet, whered = 1 pm.

However,p can be solved fronip, + p)v = C,

p= G o a7 > p [kPa] d=0.2 um

Y 20

wherew is defined as a function gf and R, in (14). Thus,

the energies are represented as explicit functiong;0f 15

Ry is solved from the condition of equilibrium, i.e., g
(dU/de) = (d(US"i‘Up—UvH)/de) = 0. All three d=1.0 um
components of energy, and their derivatives, are evaluated? d=2.0 um
symbolically by MATHEMATICA! using (8), (11), and (16). 0 —— e V [volts]

50 100 150 200 250

F. Example 1 Fig. 8. \Variation ofp, pressure rise, in pump 1 as a functioni6f applied

In order to demonstrate the applicability of the metho ol;ag_e,1f30[6t9hrggn§jifferent values af, dielectric layer thickness, where
a detailed analysis of a pump is carried out. The nominal ~ ? '
parameters of the pump arB,t = 13569 Pam, d = 1
pm, ¢g = 8.85 1072 C?)/N-m?, » = 3, po = 8 10° Pa. applied voltage for three possible valuesift. Fig. 8 shows
For example, if polyimide is used as diaphragm materidhe pressure variation with voltage for three different values
the mentionedF.t value will approximately correspond to aof dielectric thickness. Note that at the maximum voltage,
diaphragm thickness of pbm. The cavity geometry is definedp increases only by about 1 kPa, whéf¢ changes from
by zo = 4r% with radius R = 0.005 m. It follows that the 3000 Pam to 20000 Pan. But at the same voltage, when the
depth of the cavity is 10* m = 100 ym. dielectric thicknessl decreases from 2Zm to 0.2;m, p goes
First, the equilibrium condition is obtained for an appliedrom about 2.5 kPa to 25 kPa. In reality, the maximum voltage
voltageV' = 50 V. Fig. 5 shows the variation o/ = U/; + that can be applied during actuation depends on the dielectric
Up—U. with R, . Equilibrium is reached whefuil//dR;) = 0, preakdown fieldV/d of the dielectric material between the
i.e., whenR; = 3.798 mm. Fig. 6 shows cavity and diaphragnuiaphragm electrode and the cavity floor.
confi'guration ai equilibrium. The corresponding pressure of thegpe may pose the question, whether the strength of the
gas in the cavity ig + po = 800268 Pa. diaphragm is a limiting factor. For 50 V, the model predicts
The dependence of pressure risen several parameters, nitorm radial stress of 8.4 MPa and a uniform tangential

is studied next. Fig. 7 shows the variation of pressure Wigfress of 2.5 MPa. If the applied voltage is now raised to
IMATHEMATICA is a registered trademark of Wolfram Research, Inc. 200 V, radial stress becomes 30.6 MPa and the tangential
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stress becomes 9.2 MPa. These stresses are very low wHerfinds a series solution to the equations of equilibrium. The
compared to the yield stresses of many rigid, glassy polymefsllowing equations are Hencky’s solutions, which give the
For example, many polyimides have yield stresses above I@dial and tangential stresses ando,, respectively, and film
MPa [14]. This shows that the factor limiting the maximunshapez; in the region—R; < » < R; at equilibrium for the
attainable pressure is not the material strength but the electriiform lateral loadingp
field and the dielectric breakdown. On the other hand, although _
. ) 2\ 1/3 2 4

stresses in the diaphragm are low, they may be severe enoygh 1<E 2&) by + b <7_> b <7_> T
to initiate delamination between the different layers of the’ 4 2 0T\ R, “\ R,
diaphragm. This may be another possible cause of failure. ) (18)

One of the simplifications employed on the diaphragm o\ 1/3T L2 4
deformation in the above method dg = 0. Furthermore, the , — 1<Ep2&> bo + 3b <7_> + 5b4<—> + ...
radial straine, is assumed to be uniform along the radius 4 t?
of the diaphragm. In order to verify these approximations, (29)
a more generalized analysis of the diaphragm is carried out PR 1/3[ n N2 N2

.. ) 1
where the above two restrictions are removed. The analysjs= R1<§> l Gy, — <—> <ao + a2<—>
is due to Hencky [13]. Note that Hencky’'s approach only
modifies the behavior of the diaphragm, it does not address N < . )4 N )
ag| — ..

the electro-elastic coupled problem. Hence, in the following, (20)

the method developed in this paper for solving the equilibrium

configuration of the pump is applied again with Hencky Note that the only coordinate entering the equations is the
membrane. radial one in accordance to the above discussion. There is an
algebraic mistake in Hencky’s original work in the calculations
of the coefficientsy; andb; of the power series in (18)—(20).
The correct coefficients can be found in Fichter's work [16].

A detailed derivation of the equations of equilibrium of ahey directly depend on the Poisson’s ratio. Fichter also
plate under uniform lateral loading, where the lateral deflemodifies the problem of uniform lateral loading for the case of
tions are either small or large as compared to the thicknesstofe pressure, which actually corresponds to our case, because
the plate, are given bydppl [15]. we also have a radial component of the pressure acting on

In the first case, where the lateral deflections are small, tthee diaphragm. Fichter concludes that both uniform lateral
middle plane of the plate is assumed to be the neutral surfdcading and true pressure give similar results under small
of the plate, since its strain can be ignored as comparedl®adings. Defining a dimensionless parameter (pR;)/(EFt)
the strains of other parallel planes in the membrane. In the equilibrium, Fichter shows that the differences between
calculations of strains of these planes as a function of thédteral loading and true pressure cases increase with increasing
distances from the neutral surface, it is assumed that normal$-or example, ify = 0.01, stress at = 0, i.e., at the center,
to the neutral surface remain linear and normal to the shafoe true pressure case exceeds that for uniform lateral loading
which the neutral surface takes during deformation. Then thg 3.5%. Toward the edge, radial stress predicted by uniform
problem takes the characteristics of a bending problem, whéwsading exceeds the radial stress predicted by true pressure
moments and shear stresses have to be taken into accounapproximately by the same amount. In our simulations we

The second case, where the lateral deflections of the pltake » = 0.3. Since E,¢ is not an independent variable in
are large as compared to its thickness, but still small withencky’s solution, we také& = 12.34779 GPaand = 1 um.
respect to the other dimensions, e.g., the diameter of a circularder these conditions, the maximum pressure attained with
plate, is of interest to us, because the deflections of dine Hencky membrane is 18.64 kPait = 2.732 mm for the
membrane are several times higher than its thickness. Sincegkreme casé” = 250 V and d = 0.2 ym. This corresponds
thickness of the diaphragm is really small, the lateral locatidn ¢ = 0.004. So the deviation in our case is even less than
of a material point within the diaphragm can be ignored. An8.5%. Thus, the results due to uniform lateral loading as given
due to the symmetry, tangential coordinates do not enter te (18)—(20) with the correct coefficients reported by Fichter
solution either. So the lateral deflectian of a point in the are accepted as the results corresponding to true pressure case.
diaphragm depends only on the radial coordinate of that point,Fig. 9 shows the profile of the diaphragm obtained from the
when we think in terms of polar coordinates with the origitdencky solution compared with the proposed shape given by
at the center of the diaphragm. Now, there are no momef. (V' = 50 V, R = 5 mm, d = 1 um. In the proposed
created with respect to the middle plane, and there are model £t = 13569 Pam, which corresponds to = 0.3,
shear stresses along the thickness direction. There are dlse 12.34779 GPa and = 1 um in Hencky solution as stated
no in-plane shear stresses, since the polar coordinates andrhihe last paragraph.) The proposed shape corresponds to a
principal coordinates under uniform lateral loading coincidepressure rise of 268 Pa, while Hencky profile yields a pressure

Hencky [13] solves the latter problem for a circular menrise of 202 Pa. The radial stress in Hencky diaphragm under
brane with clamped edges for the case of no residual stressksse conditions varies from 6 MPaat R; to 8.5 MPa at
The loading is uniform and lateral, i.e., normal to the plane tiie center, whereas the proposed diaphragm of this paper has
the undeformed membrane. Note that this is not true pressweuniform radial stress of 8.4 MPa. Similarly, the tangential

G. Hencky’'s Diaphragm Problem
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200 diaphragm shape of the radii 7y andr,, respectively. It is again under a net pressure
proposed model Hencky Profile p. The applied voltages for the two contact regions Yarend
V>, respectively.

150 -

A. Membrane Deformation Under Uniform Pressure

The diaphragm profile between and r; is defined by
zp(r). The cavity profile is given byy,. Consider a thin strip
of film of width dr» as a free body in Fig. 11. The inner and
outer radii of the strip are, andr, such thatdr = r, — r,.
The uniform tension per unit length of the perimetefisThe

depth [um]
S
S)
]
axis of symmetry

504

cavity

0
T T 1 T T HH H . . . .
_4 5 0 ’ 4 equilibrium of forces along the vertical direction gives
1, radial distance from the axis of symmetry [mm] d
2f
Fig. 9. Comparison of diaphragm profiles of pump 1 with Hencky diaphragm b= 2775 dr — 2mrpdr = 0. (21)
and with the simplified diaphragm proposed in the paper. The conditions a
are the same as those of Fig. 6. Lumped paramgtgr = 13569 Pam Thus
corresponds taF = 12.34779 GPa,» = 0.3 andt = 1 um in Hencky
analysis. The pressure attained with the proposed diaphragm shape is 800 268 d [ rdx "
Pa with Ry = 3.798 mm, whereas the configuration with the Hencky shape _ L - p_ (22)
gives a pressure of 800202 Pa wilh = 3.885 mm for an initial pressure dr \' dr S
po = 800000 Pa.
The solution is given by
25 _p [kPa] ‘ pr?
] zg=~—+Cilnr + C,
] UV T ?
20 7 d=02 pm
1 — Hencky whereC; and C, are constants. They are obtained from the
153 e proposed model boundary conditions:s(r1) = 2z and z¢(r:) = 2z (Fig. 2)
] so that
10
d=1 pm zp =psr2(fi+ f2) + f5 (23)
s4 T
1 e wherep, = p/S and
0 At V [Volts]
50 100 150 200 250 f o < . 7>2>
1= -
Fig. 10. Comparison op, pressure rise, developed in the cavity of pump 1 4 T3
with Hencky diaphragm and with the simplified diaphragm proposed in this ( r /7 ) r
paper. The value® = 12.34779 GPa,» = 0.3 andt = 1 um are used for fo= —# <—>
Hencky diaphragm. They correspond to the lumped paranteter= 13 569 4111(7 1/7 2) T2
Pam used in the proposed model. The initial pressure= 800000 Pa. — 7 r
ot 2 m( L)
hl( 1/7 2) T2

stress in Hencky diaphragm varies from 2 MParat R; to thatp. . dr K q diob ved
8.5 MPa at the center, whereas the proposed diaphragm h&g %eefinaeps’ "1, andrz are unknowns and need fo be solve
Zf.

uniform tangential stress of 2.5 MPa.

Finally, Fig. 10 compares the pressures developed in the
cavities. The deviation between the pressures predicted by bBthSolution forp,
methods remains around 30-35% within the range coveredp, is solved using linear elasticity of the membrane and
in Fig. 10. Clearly, the proposed model of the diaphragthe constitutive law(p + po)v = C, of the gas, wherey is
overestimates the pressures at equilibrium, since the diaphragie pressure outside the cavity as well as the initial pressure
with es = 0 proposed in this paper is stiffer than the Henckyprior to actuation) in the cavity. The uniform radial strain of
diaphragm, whereg # 0. In reality, however, the membranethe membrane
has bending stiffness, which is ignored by both the Hencky
diaphragm and the proposed diaphragm. Thus, the pressure

6,,, =
will be higher than that predicted by Hencky’s solution. Due to

1 R
& / V14+22dr — R
1 Jo

its simplicity, we will use the model of the diaphragm proposed 1 R
in this paper for the analysis of pump 2. =% / (1+272/2)dr — R
0
1 R
V. ANALYSIS OF PUMP 2—ANNULAR CAVITY =5R / 22 dr. (24)

A schematic of pump 2 is shown in Fig. 2 after actuation.
Unlike pump 1, the diaphragm here is held to the substrate BHgre > defines the shape of the film from= 0 to » = R.
electrostatic forces along an inner and an outer peripherylaf the regionr ~ (0,71), z = zo(r) (the cavity shape),
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Dividing (17) by (26) and rearranging, the equation fgris
obtained
s s ps(Ap + BppsTQ)(CspgT% — Dspsra + Es)
+ po(Ap + Bppsr2) = Cs. (28)
Note thatp, may have four solutions, but the physically
meaningful solution must satisfy, > 0, sincep > 0, S > 0
s s when the pump is actuated. It can be shown thate exists
infinitesimal volume element in detail a unique solution fop, in the domainp, > 0 for all r1/r; in
0 < r1/r2 < 1. ps can be solved numerically from (28) for
o given values ofr; andr,. The solutions forr; and o will

140 ' diaphragm be obtained from the condition of equilibrium which involves
120 - . . o
= 100l F Resmm et the derivatives of strain, pressure, and capacitive energjies,
ER, LN 1y = 0.468mm U, and U)}, respectively.
= 7 3!
g 601 E} r,=3.705 mm *, C. Capacitive(V))), Strain (U, ), and Pressurg¢U,,) Energies
404 & . . .
20 Y S U);- Uy, is contributed by the regions of contact between the
0 , , 5| 1 : diaphragm and the cavity. Let; and A, denote the contact
-4 2 0 2 4 areas inr ~ (0,r1) and» ~ (rz, R), respectively (Fig. 2).
r, radial distance from the axis of symmetry [mm] Then

Fig. 11. Above: The free body diagram of a strip of the diaphragm for pum = R
2 svith inner and outer radii, ar):drb,grespectively.pBeIow: TW%-dir?ﬁensioﬁal P A = / 277 Y, L+ 25 dr, Ay = / 277 V L+ 25 dr
axisymmetric view of the cavity and diaphragm configurations of pump 2 at 0 T2

equilibrium. Herel; = V2 =200V, R =5 mm,d = 1 um, E.t = 13569 (29)
Pam. The corresponding pressure in the cavity is 801 534 Paswith 0.468

mm andry, = 3.705 mm for an initial pressurey = 800000 Pa. and
1legr
Up =55 (AVE + 4:V5). (30)
in r ~ (ri,r2), z = z;(r) (shape of the diaphragm under _ _ o
pressure), and in ~ (r2, R), z = 2o(r). Thus, from (24) U,: The strain energy of the diaphragm is given by
R
1 - - R U, = 7rt/ €O dr = E*WthRQ/Q (31)
_ = 12 3., 12 3. 12 7. 0
TR /0 zo dr +/,,1 Zydr +/,,2 #0 64' 29 \yhere ¢, is defined in (25).

Up,: The work done on the gas, is given by (16). Here
The radial line tensiors, can then be represented in terms ofo (the volume of the cavity before actuation) angvolume

ps using (23) and (25) after actuation) are given by
R 2
S =o,t=e Bt vg = / 2rragdr, v = / 2rr(zg — 2z5) dr.
0 1
= C,p?r3 — Dyp.r2 + E, (26) Thus, for given voltages’; and Va, U, U,, and U, are
functions ofr; and r,.
where
; D. Equilibrium Configuration
Cs = 2;2 (f1 + f5)* dr, The required values afr{, ») minimize the energy/ =
N U, + U, —U). ry andr, are thus solved from the equilibrium
D, = / f1 + f2 f3 d7 condition
R /. sU
Bt — =0, i=12. (32)
ESZZR / d7+/ 15 d7+/ 25 dr|. Ir;
L0 ) In the following, a specific example of pump 2 is provided

The ideal gas law(p + po)v = poto = C., together with to demonstrate the applicability of the method developed.

the volume of the compressed gas= [ * 277(z0 — 2) dr, E. Example 2

's employed to obtain Fig. 11 shows the cavity of the pump defined by

o (27) %0 = Zwax[14.64(r/R)? — 29.77(r/R)® + 15.19(r/R)*
Ap + Bppsr —0.05(r/R)’] (33)
where where zmax = 112.8 pum, so that the depth of the cavity

o o becomes 10Q:m. The relevant parameters ae= 1 pm,
A, :/ 2rr(z0 — fa)dr, B, :/ 2rr(fi + f2)dr E,t = 13569 Pam, R =5 mm, k = 3, ¢g = 8.85 10712
ry - C2IN-m?, py = 8 10° Pa, andV; = V5 = 200 V.
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p [kPa]

- 259 d=0.5pum
! 2.0
-0.0000165 ! 1
1.5% d=lpm
i ]
1.0
-0.000017 ]
U, J ]
0.5
o=z =+ &1 1V [volts]
-0.0000175 50 100 150 200
Fig. 14. Variation ofp as a function ofi; = V, = V for two different
values of dielectric thicknesd for the case ofE.t = 13569 Pam. The

initial pressurepy = 800000 Pa.

kP
16-L Pl

Fig. 12. The variation of total energy as a function ofr; andrs. The ]
lowest point corresponds to the equilibrium configuration shown in Fig. 11. 1 4]

124

p [kPa] E.t= 20000 Pa m 1

2.0 E.t= 13569 Pam 1.0
E.t=3000 Pam ]

1.5 ]

7 7z, [um]

1.0 100 150 200 250 300

0.5 Fig. 15. Variation ofp as a function ofnax Of (33), which gives a measure

’ of the initial cavity volume of pump 2, for the case df = 1 ym and
V [volts] E,t = 13569 Pam. The initial pressurg = 800000 Pa. The applied

LA L L L L L L B ! i i ion i
50 100 150 200 250 voltage in the above simulation is 200 V.

Fig. 13. \Variation ofp for pump 2 as a function of, = V> = V for three
different values of lumped parametét.t for the case ofd = 1 um. The VI. CONCLUSION

initial pressurepp = 800000 Pa. . .
This paper presents a methodology for the analysis of the

electrostatic actuation of diaphragm micro pumps analytically.

Fig. 12 shows the variation o/ = U, + U, — U} as @ The method is applied to study the pressure-voltage depen-
function of r; andry. U is minimized whenSZ = 0 and dence of two micro pumps, one with a simple paraboloidal
gﬁg = 0, which occurs at:; = 0.468 mm andr, = 3.705 cavity where the diaphragm contacts the cavity floor from the
mm. We obtained only one energy minimum as shown ferimeter during actuation. The other has an annular cavity
Fig. 12 for all the results (Figs. 11-15) presented in this papéa. simple cavity with an island in the middle). Here the
However, we find that there are multiple minima for largeiaphragm contacts the cavity floor both from the outer and
values of electric fieldy/d > 400 V/um. Thus, the nonlinear the inner perimeters. The study on both of the pumps indicates
problem shows bifurcation of solution at high electric field (nahat for a given applied voltage, the pressure increases 1)
treated in this paper), and such high fields should be avoidedimost inversely with the thickness of the dielectric between
Fig. 11 shows the equilibrium configuration of the membrartae diaphragm and the cavity floor, 2) slightly with the increase
in two dimensions. In arriving at the equilibrium configurationn the diaphragm thickness and elastic modulus, and 3) as the
ps = p/S were solved from (28) for eactr, ) of Fig. 12. initial volume of the cavity decreases. Finally, the pressure

Figs. 13 and 14 show the dependence of pressure riserim@ in the simple cavity is higher than that in the annular
E.t and dielectric thicknesd, respectively, as a function of cavity for similar applied voltages and overall cavity sizes.
applied voltagel; = V, = V. As in the case of single cavity For example, pressure rise in a 16+deep and 1-cm-wide
pump (pump 1), the pressure increases by only 30%&s simple paraboloidal cavity along with a;an-thick polyimide
increases by an order of magnitude, and at the same timeiaphragm is around 6 kPa, if the dielectric layer isuth
increases almost inversely with thick and the applied voltage is 250 V. This will increase to

Finally, the effect of cavity shape on pressure is show2b kPa if the dielectric layer thickness is decreased tq.fn2
in Fig. 15. Here the equilibrium pressure rigds plotted as A similar design with the annular cavity (1m thick dielectric
a function of 2,4 [(33)], which is a direct indication of the layer) gives rise to a pressure rise of 2 kPa instead of 6 kPa.
initial volume of the cavity. The figure implies thatdecreases In these calculations, tangential strains developed in the di-
with increasing volume of the cavity. Thus, in order to attainphragm are ignored, i.e4 = 0. Thus the membrane is stiffer.
higher pressures, one may consider a design shown in Fig. A6more detailed study for the simple cavity that includes
where the volume of the cavity is reduced by a flat bottom.tangential strains but ignores bending stresses showed that
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(1]
(2]

(3]

(4]

dielectric
layer

substrate

(5]

Fig. 16. Cavity design with reduced volume.

(6]

(7]

(8]

electric field

El

diaphragm

liguid 7/ gubstrate [10]

original position of the

(1]

diaphragm

Fig. 17. A design for liquid pumping. Note that there are no electrostatic
fields across the liquid.

[12]
the “e¢y = 0" assumption leads to around 30% overestimatio
of the pressure rise. In reality, however, the deviation wi[?L ]
be less, since the membrane has bending stiffness. Another
simplification is that the model is based on a linear elastie]
material behavior for the diaphragm. A study of stresses
developed in the diaphragm showed that they are well beld#]
the yield strength of many glassy polymers, e.g,. polyimides, B
candidate material for the diaphragm. This result also |nd|cates
that the maximum attainable pressure in the pump is limited
by the dielectric breakdown rather than by the mechanical
strength of the material. Furthermore, in spite of being low,
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stresses may be severe enough to cause delamination between

the different layers of the diaphragm.

The pump designs discussed in this paper may not be
plicable for liquid pumping, since the liquid may ionize whe
subjected to electrostatic fields. However, a minor modificatig
in design may eliminate the restriction. For example, in t
design presented in Fig. 17, the electrostatic field may
applied between the diaphragm and the cavity floor, and t
diaphragm is pulled toward the floor. Thus, a cavity is forme
between the diaphragm and the flat substrate, and liquid"is
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